Abstract. We propose a new mechanism of generating the µ distortion in cosmic microwave background (CMB) originated from primordial gravitational waves. Such µ distortion is generated by the damping of the temperature anisotropies through the Thomson scattering, even on scales larger than that of Silk damping. This mechanism is in sharp contrast with that from the primordial curvature (scalar) perturbations, in which the temperature anisotropies mainly decay by Silk damping effects. We estimate the size of the µ distortion from the new mechanism, which can be used to constrain the amplitude of primordial gravitational waves on smaller scales independently from the CMB anisotropies, giving more wide-range constraint on their spectral index by combining the amplitude from the CMB anisotropies.
Introduction
Cosmic microwave background (CMB) is one of the most useful remnants to probe the early Universe. The recent observations of the CMB anisotropies such as WMAP [1] and Planck [2] satellites strongly support the presence of the accelerated period in the early Universe called inflation [3] and confirm that the primordial curvature perturbations are almost scale-invariant, adiabatic, and Gaussian on large scales. In addition, very recently, the BICEP2 collaboration [4] reported the existence of the primordial gravitational waves (tensor perturbations), which can determine the energy scale of inflation directly.
The spectral distortion in the CMB spectrum is another powerful tool to probe phenomena in the early Universe. There are typically two types of distortions, µ-and y-types [5, 6] . The µ-type distortion is a thermal distortion from the Planck distribution characterized by non-zero chemical potential. This kind of distortion is mainly formed at the Compton equilibrium era, 5×10 4 < z < 10 7 with z being the redshift, because photon number conservation and non-zero energy transfer under thermalization processes are indispensable for its generation [7] [8] [9] [10] [11] . Thus, one can probe energy injection processes during this epoch through the non-zero chemical potential µ. On the other hand, the y-type distortion is a non-thermal type distortion relevant to the late epoch, z < 5 × 10 4 , in which the Compton scattering is no longer effective to establish the thermal equilibrium. However, heated electrons can up scatter the CMB photons via Compton scattering with energy transfer, which makes the CMB spectrum deviate from the blackbody. This type of distortions is called y-type and can probe energy injection processes at the late eras. The current constraints on µ-and y-type distortions are obtained by COBE FIRAS as µ < 9 × 10 −5 (95% CL) and y < 1.5 × 10 −5 (95% CL) [12, 13] , respectively. Recently, future space missions such as PIXIE [14] and PRISM [15] are proposed and they have the potential to detect the CMB distortions with µ ∼ 10 −8 and y ∼ 10 −9 . Therefore, it is expected that the constraint on the CMB distortions will be significantly improved in the future. In this paper, we mainly concentrate on the first one, that is, the µ-type distortion.
One of the main mechanisms to generate the CMB µ distortion is via Silk damping of the CMB acoustic waves [9, [16] [17] [18] . During the tight coupling epoch, the photon-baryon plasma can be regarded as a single component and begins to oscillate together after the horizon entry. However, once the coupling becomes weak, the ideal fluid approximation gets worse and anisotropic stress becomes manifest, which generates viscosity and causes the dissipation of the acoustic waves by Silk damping [19] . Then, subsequent thermalization processes realize new thermodynamic distribution of the CMB, which causes the µ distortion. In a microscopic view, this is the mixing of the different temperatures due to the diffusion of photons coming from different phases of the acoustic waves, because the acoustic waves induce the temperature fluctuations [20, 21] . It is now estimated that µ distortions are positive and the order of 10 −8 for the curvature perturbations with almost scale invariant power spectrum P R ∼ 2.4×10 −9 [9, 22] . In the case of isocurvature perturbations, the distortion can be 10 −11 for neutrino isocurvature perturbations [23] , and 10 −17 for CDM isocurvature perturbations [23, 24] with maximum amplitude allowed from current constraint and almost scale invariant spectral index. Thus, the spectral distortions of the CMB are powerful tools to probe the primordial perturbations, especially sensitive to those at smaller scales.
In this paper, we propose a new generation mechanism of the CMB distortion coming from the primordial tensor perturbations. The primordial tensor perturbations generate the CMB temperature fluctuations once they enter the horizon. However, these fluctuations are damped through the Thomson scattering before the last scattering surface, even on scales larger than Silk damping scale. This is in sharp contrast with the CMB temperature fluctuations coming from the curvature perturbations, which damps mainly below Silk damping scale. Although both processes correspond to the mixing of the blackbody spectra with the different temperatures in the microscopic view, the mixing is due to the isotropic nature of the Thomson scattering in the case with tensor perturbations unlike the diffusion of photons by Silk damping as mentioned above. Thus, the CMB distortions in this mechanism can be created even on scales larger than Silk damping scale 1 . The resultant spectrum after the mixing suffers from the thermalization processes and ends up with the blackbody, Bose distribution with µ distortion or non thermal spectrum with y distortion, depending on the epoch of the mixing 2 . Then, we will estimate how much the µ distortions are generated through such processes, which can be used to constrain the amplitude of primordial gravitational waves (tensor perturbations) on small scales, independently of other constraints. By combining the amplitude probed by the CMB anisotropy experiments, it gives more wide-range constraint on the spectral index of primordial tensor perturbations using information on smaller scales.
The organization of this paper is as follows. After briefly reviewing the basics of the CMB µ distortion in the next section, we derive the evolution equation of the CMB µ distortion coming from the tensor perturbations in the section 3. Section 4 is devoted to the concrete evaluation of the size of such µ distortion, given a tensor-to-scalar ratio r with a (constant) spectral index. We give the conclusion and discussions in the final section.
Basics of CMB µ distortion
Even though the intensity of photon (temperature) spatially fluctuates, we assume that the system is locally in thermal equilibrium. Then, the distribution function at some space-time point x can be parametrized as
where T BE and ω are the local temperature and the frequency of photons, respectively. The energy and the number densities of photons with non-zero chemical potential, µ(x), are given by
respectively, where α and β are some numerical constants. We define the "reference temperature" and the "reference Planck distribution" in terms of the second-order temperature perturbations by equating the entropies of the photon fluid, that is, the number densities of photons for both the thermal Bose-Einstein distribution and the reference Planck one (for the details, see Appendix A) 3 . The reference temperature T rf is defined as (β −1 n ) 1/3 , where n denotes the ensemble averaged number density. Therefore, T rf always satisfies T rf ∝ a −1 in the adiabatic expansion case. Accordingly, the thermodynamical identity,
imposes that ρ ∝ T 4 rf as well. On the other hand, the local Bose-Einstein temperature T BE is divided into four parts:
where t BE denotes the difference between the local Bose-Einstein temperature and the local Planck temperature, and δT (x) is the inhomogeneous part of local Planck temperature. ∆T represents the difference between the averaged Planck temperature T pl and the reference temperature T rf , which is a second-order quantity of the temperature fluctuation, as shown in Appendix A. Due to this difference, the averaged Planck temperature does not evolve as T pl ∝ a −1 at the second-order perturbation.
To simplify the following calculations, let us take dimensionless temperature perturbations as T rf + δT (x) + ∆T + t BE (x) = T rf (1 + Θ(x) + ∆ + t(x)). In this notation, the number and energy densities can be rewritten as
up to the second order of temperature perturbations. Note that only Θ(x) is the first order quantity in the above equations. By imposing the number conservation with the adiabatic expansion, a 3 n should be constant, which leads to the following equation:
Here we have used that T rf scales as a −1 and expanded up to the second order in terms of Θ 2 . Substituting the above equation to Eq. (2.7) yields the ensemble average of the energy density as
Since ρ ∝ a −4 , multiplying both sides of Eq. (2.9) by a −4 and taking the conformal time derivative, we obtain the following formula for the evolution of the average chemical potential µ ,
where the dot represents the ordinary derivative with respect to the conformal time η and the ensemble average µ can be replaced by the spatial average. By taking into account the relaxation of the chemical potential due to the double Compton scattering, we add a new term to the above formula:
Here t µ is the decreasing time scale of µ due to the double Compton scattering, which is given by [25] 
The solution of Eq. (2.11) can be formally expressed as 13) where η fr is the freeze-out epoch of a Bose-Einstein distribution due to the Compton scattering [8] .
Boltzmann-Einstein system
As shown in Eq. (2.13), the chemical potential depends on the evolution of the temperature fluctuations. The CMB temperature fluctuations can be created from the primordial perturbations generated during inflation. So, we briefly discuss the primordial perturbations in this section.
The primordial perturbations produced during inflation can be classified into two modes, the scalar one (primordial curvature perturbations) and the tensor one (primordial gravitational waves). Since the CMB distortions originated from the scalar mode are well investigated in the context of Silk damping [9, [22] [23] [24] , we focus on the tensor perturbations in this paper.
The tensor mode of the metric perturbations is given by the transverse traceless component H T T ij with ∂ i H T T ij = H T ii = 0 as
The Fourier component of H T T ij , which we denote byH T T ij in the following, can be decomposed as [26] H
where e A ij (A = +, ×) are polarization bases for the plus and the cross modes of the gravitational waves, respectively. Taking the momentum of the gravitational waves parallel to the z axis, the polarization bases are given by e + xx = e × xy = e × yx = −e + yy = 1 with the zeroes otherwise. By perturbing the Einstein equation, we have the evolution equations for the tensor perturbations as
where π A is anisotropic stress of fluid. The primordial gravitational waves are generated during inflation and their (initial) amplitudes are characterized by the power spectrum as
where H is the Hubble parameter during inflation. The power spectrum of the total tensor perturbations, P T , is related to these power spectra as P T = 4P h + = 4P h × . It is commonly parametrized as 5) where A R is the amplitude of the curvature power spectrum at the pivot scale k 0 , r is the tensor-to-scalar ratio, and n T is the spectral index of the tensor perturbations. In this paper, we adopt A R = 2.42 × 10 −9 and k 0 = 0.002 Mpc −1 [1] .
Boltzmann equation
Let us consider 2 × 2 photon density matrix in Fourier space to take into account photon polarization,
where f (0) is the background Planck distribution 4 and f (1) ij is the perturbed part. For convenience, we define Ψ T and Ψ T P as
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which represent the perturbations for intensity and polarization originated from primordial tensor perturbations 5 . Each helicity 2 component (plus and cross) of Ψ T and Ψ T P is given by
respectively, where λ = cos θ and we have used the following relations,
n inj e × ij = sin 2 θ sin 2φ, (3.12)
for a photon direction vector withn i = (sin θ cos φ, sin θ sin φ, cos θ), and Fourier momentum is set to k µ = (−k, 0, 0, k). Following the notation for the scalar perturbations given in Ref. [27] , we define the corresponding quantities originated from the tensor modes as
14)
It should be also noticed that F γ = 4Θ in the linear order. F γ and G γ can be also decomposed into each helicity 2 mode as
15)
Here, F T + γ , F T × γ , G T + γ , and G T × γ are defined in the similar way as Eqs. (3.13) and (3.14) from Ψ T + , Ψ T × , Ψ T + P , and Ψ T × P , respectively. In addition, in order to explicitly investigate the dependence of the amplitude of primordial tensor perturbations, F T + γ (G T + γ ) and F T × γ (G T × γ ) are now normalized for h + = h × = 1. By using the helicity 2 components, we have the following relation,
4 Note that we do not need to take into account the difference between the Plank and the Bose-Einstein distributions because such difference is manifest only beyond the linear perturbation theory.
5 Strictly speaking, Ψ T P represents only the Q component in the Stokes parameter in our frame and there should be another quantity corresponding to the U Stokes component. However, both quantities obey the same equation (3.20) . Hence, we omit the latter for simplicity.
Here the dots represent the contributions which would vanish after the integration of φ and are irrelevant to the final estimate of the µ distortion. This relation yields
where we have used P T (k)/4 = P h+ (k) = P h× (k). The Boltzmann equations for F T A γ and G T A γ (A = +, ×) are given by [26, 28] 
where
and, F T A γl and G T A γl in the right-hand side of (3.21) are the multipole components of F T A γ and G T A γ as defined below. It is now manifest that
obey the same equation with the same initial amplitudes. Then, we can safely set
From Eq. (3.19), we have the following equation,
Evaluation of the chemical potential µ
It is convenient to expand Eq. (3.22) by multipoles with order of l because the Boltzmann equation can be solved order by order of l. For the tensor components, we expand F T γ and G T γ as [27] 25) where P l (x) is the Legendre polynomial of order l. Here it should be noticed that we expand F T γ in stead of (1 − λ 2 )F T γ . Therefore, the l = 0 component, F T γ0 , includes not only the monopole component but also the quadrupole one because the factor (1 − λ 2 ) contains P 2 as well as P 0 .
The recursion relation of the Legendre polynomials, 27) where A l , B l , C l are given by
This relation recasts the first term in the right-hand side of Eq. (3.23) into 29) where the coupling coefficients are expressed as
Similarly, the second term in the right-hand side of Eq. (3.23) can be rewritten as
Therefore, the source term of the chemical potential for the tensor modes is given up to the second-order perturbation by 34) where the dots represent the contributions coming from higher order multipoles, which we can ignore safely. Finally, inserting Eqs. (3.22) and (3.34) into Eq. (2.13) yields the concrete expression for the µ distortion generated from the tensor modes up to the second order as
Only F T γ0 couples to gravitational wave h A in the Boltzmann hierarchies and thus it is generated from gravitational waves directly while G T γ0 is produced by F T γ0 and higher multipole components. Hence F T γl and G T γl with l > 0 are created by the free streaming of the CMB photons. 4 CMB µ-distortion from primordial gravitational waves
Numerical results
In this section, we numerically calculate Eq. (3.35) by following the evolution of F T γl and G T γl using a publicly available code, CLASS [29] [30] [31] [32] . The results are shown in Fig. 1 , where contours of µ are shown in the n T -r plane. For n T = 0 and r = 0.2, the generated µ distortion is estimated as µ ∼ 4.4 × 10 −14 . For n T = 1.0 and r = 0.2, the value of µ can be as large as µ ∼ 1.4 × 10 −8 , which is comparable to that coming from the scalar perturbations with A R = 2.4 × 10 −9 and n s = 0.96. In fact, the BICEP2 data alone slightly prefers a blue-tilted gravitational waves and such a blue spectral index is known to relax the tension between the analyses from Planck temperature data and BICEP2 [33] [34] [35] .
The current constraint on the µ distortion given by COBE FIRAS is |µ| < 9 × 10 −5 (95% CL) [13] . This constraint will be dramatically improved by future space mission such as PIXIE or PRISM, e.g. |µ| < 5 × 10 −8 by PIXIE at the 5σ level [14] . For reference, the region ruled out by the COBE satellite is enclosed by red dashed lines. The region probed by PIXIE can be surrounded by cyan dashed lines.
Given the current constraint on r O(0.1), primordial gravitational waves with the scale invariant spectrum cannot produce observable µ distortion. However, if their spectrum is significantly blue-tilted, primordial gravitational waves can produce significant µ distortion comparable to that from the scalar perturbations, which implies that the future observations can provide the strong constraints on r and n T .
Note that this consequence is the result of the indirect energy transfer via CMB temperature fluctuations from gravitational waves. To understand this, let us discuss Eq. (3.19) again. For simplicity, we neglect the second terms, ikλF T γ and Λ, in both the center and the right-hand side, which describe the free streaming of the CMB photons and the anisotropic nature of Thomson scattering, respectively. Since the Thomson scattering time scale is much shorter than the cosmological time scale, we can take the steady state approximation between the center and the right hand side and obtain 2∂ η h ∼ −τ F T γ . Accordingly we obtaiṅ
Eq. (4.1) tells us that the temperature fluctuations created by the integrated Sachs-Wolfe effect are decreasing during extremely short time interval by the Thomson scattering. Therefore, since the generated CMB distortion depends on how much CMB anisotropies are damped by the Thomson scattering, the contribution to the distortions is proportional to F γḞγ .
Comparison with the scalar perturbation case
The CMB distortions originated from the scalar perturbations are mainly generated by the energy release due to Silk damping. In the similar way to Eq. (3.35), the chemical potential created from the scalar perturbations can be calculated from [21, 22] 
where F S γl and G S γl are the Legendre-expansion coefficients for the scalar components of F γ and G γ defined in Eqs. (3.13) and (3.14) . Θ γ , Θ e , and σ γ correspond to the photon fluid velocity, the baryon fluid velocity and the anisotropic stress of the photon fluid [27] , which are explicitly written as
with v being the baryon fluid velocity potential. For the case with the scalar mode, since the dominant generation mechanism is Silk damping, the µ distortion is generated around Silk damping scale (see Fig. 4 in Ref. [24] ). On larger scales than Silk damping one, photon and baryon are tightly coupled before the epoch of recombination. In the tight coupling approximation, the velocity difference, Θ e −Θ γ and the anisotropic stress σ γ is of the order of k/τ 1. Therefore, the contributions from such large scales are negligible.
On the other hand, since the temperature fluctuations due to the tensor modes do not couple with the baryon fluids, they are not suppressed by the order of k/τ . As mentioned above, the temperature fluctuations can be approximated to F T γ ∼ −2∂ η h/τ over all scales. Therefore, the generation of the chemical potential due to the tensor modes occurs even on larger scales, compared with Silk damping case. Fig. 2 shows that scale dependence of µ distortion. In the figure, the vertical axis represents dµ/d ln k. Compared to the scalar mode cases (e.g. Fig. 4 in Ref. [24] ), the µ distortion generated from the tensor mode comes even from larger scales. In particular, as one can see from Fig. 2 , the contribution to the chemical potential dramatically increases around k = O(0.1) Mpc −1 , which corresponds to the Horizon scale at the epoch η fr . This is because, after horizon crossing, the gravitational waves start to decay and produce the temperature fluctuations through the integrated Sachs-Wolfe effect. Fig. 2 also shows the cases for other values of n T . As expected, the contribution from small scales increases for larger n T .
Conclusions and discussion
In this paper, we have investigated CMB µ distortion originated from primordial gravitational waves. The temperature anisotropies generated from those are damped through the Thomson scattering, even on scales larger than Silk damping scale, which leads to the generation of the non-zero chemical potential µ. Unfortunately, given the tensor-to-scalar ratio of the order of unity and the scale invariance of primordial gravitational waves, the created chemical potential µ is as small as 10 −13 . However, once the blue spectral index for tensor perturbations is allowed, the significant µ distortion can be generated, which in turn strongly constrains the tensor-to-scalar ratio and the tensor spectral index. This new mechanism is quite different from that generated from the scalar perturbations, in which Silk damping effects mainly damp the temperature anisotropies while the damping is ineffective in the tight coupling region. Thus, the chemical potential µ can be produced even on larger scales for the tensor perturbations while that from the scalar perturbation is created mainly below Silk damping scale. This kind of the scale dependence may enable us to discriminate whether µ distortion is created from the tensor or the scalar perturbations, even if the former is much smaller than the latter. This is because, if we consider the cross correlation between the temperature anisotropies and the (scale dependent) µ distortion, their correlated bispectra can be large for the tensor mode compared to the scalar one since the tensor mode is dominant on scales larger than Silk damping scale while that from the scalar mode is significantly suppressed on such larger scales. We will study this issue in the future work. This result implies that, only when the number is not conserved, the new system can relax into one blackbody.
A.2 Mixing blackbodies under both of energy and number conservations
In this subsection, we mix two blackbodies by imposing not only the energy conservation but also the number conservation. In this setting, as shown in the previous subsection, the new mixed system cannot relax into a blackbody, instead, relax into the Bose-Einstein system with a non-zero chemical potential.
For such a Bose-Einstein distribution, the energy and the number densities with a nonzero chemical potential µ are estimated up to the first order of µ as ρ = αT 
